The Euler characteristic of asymptotically flat, stationary vacuum spacetimes is calculated based on compactifications and Lefschetz's fixed point formula. It turns out that it can be zero or two.
Introduction
In this paper we study stationary, asymptotically flat, vacuum spacetimes containing black holes. Since topology is very important in the description of such objects it is natural to ask whether exists a general relation between the global topology of the spacetime and the local features of the black hole. In other words, is the topology of the black hole determined by the spacetime or not?
We shall see that this is the case: the Euler characteristic of the black hole (i.e. the Euler characteristic of its event horizon represented by a dim M − 2 dimensional embedded manifold in a "moment") equals to that of the spacetimemanifold. Hence, in four dimensions, the black hole is strictly characterized up to continuous deformations by the spacetime-manifold which contains it since the Euler characteristic is a topological invariant for two dimensional surfaces. Generally, for even dimensional spacetime-manifolds we can derive a similar formula.
On the other hand we can see that the existence of a (local) black hole somewhere may have influence on questions related to the global properties of the spacetime-manifold.
First we prove the theorem mentioned above; secondly, we calculate that a vacuum spacetime-manifold containing a stationary black hole can have Euler characteristic 0 or 2.
Stationary Black Holes
First we define the precise notion of a stationary black hole collecting the standard definitions. Let us summarize the properties of an asymptotically flat vacuum spacetime that we need; for the whole and precise definition see [9, p.276] or [3] .
Let (M, g) be a spacetime-manifold and x ∈ M . Then J ± (x) is called the causal future and past of x respectively. If a vacuum spacetime-manifold (M, g) is asymptotically flat then there exists a conformal inclusion i : (M, g) → (M ,g) such that
• ∂i(M ) = {p ∞ } ∪ I + ∪ I − , where p ∞ is the spacelike infinity and the past and future null-infinities I ± satisfy
• There exists a function Ω :M → R + which is smooth everywhere (except possibly at p ∞ ) satisfyingg = Ω 2 i * g and Ω| ∂i(M) = 0. Remark. This definition provides that no singularities are visible for an observer inM ∩Ṽ . Moreover, one can prove thatM ∩Ṽ can be foliated by Cauchy-surfaces S t , (t ∈ R), see [7, p. 300-301] .
Definition. Let (M, g) be an asymptotically flat, strongly asymptotically predictable spacetime-manifold. If B := M \ J − (I + ) is not empty, then B is called a black hole region and H := ∂B is its event horizon.
Remark. In this paper we shall always assume that (M, g) is an asymptotically flat, strongly asymptotically predictable spacetime-manifold containing a black hole region B. Moreover, we require B to be a stationary black hole i.e. there exists a future-directed timelike Killing field K on (M, g). In this case H is a three dimensional null-surface in M , hence for each t ∈ R, H t := H ∩ S t is a two dimensional subset of M . We shall assume that H t is a two dimensional embedded, orientable, compact surface in M without boundary (the event horizon in a "moment"). This is the requirement the event horizon to be "regular". This condition is satisfied by physically relevant black hole solutions of Einstein's equations.
Proof. Assuming that there exists a point p ∈ H such that K p ∈ T p H, let γ : (−1, 1) → M be a smooth integral curve of K satisfying γ(0) = p and
Hence there is an ǫ ∈ (−1, 1) such that γ(−ǫ) ∈ B and γ(ǫ) ∈ B. But this means that γ(−ǫ) ∈ J − (I + ), since it can be connected by an integral curve of K to γ(ǫ) ∈ J − (I + ). Hence this assumption led us to a contradiction. ♦ Corollary. H is invariant under the flow generated by K on M and, being H a null-surface, K| H is a null vector field.
LetK := i * K induced by the inclusion i.
Proposition 2.K can be smoothly extended to I + ∪ I − as a null vector field.
Proof. Let S s be a foliation ofṼ by (Cauchy-) surfaces, t ∈ R. In this case the conformal factor Ω may depend on t. Letγ : R →M be an integral curve ofK which is inextendible. We may write:
We have used the third property of asymptotic flatness. However, using the fact that K is a Killing field on M , we can write
where
because of asymptotic flatness. ♦ Now let k ∈ N be an integer and define a new vector field X by
Clearly there exists a k such that X extends to I + ∪ I − as a zero vector field. This implies that X can be extended as zero to the whole ∂i(M ) since surrounding p ∞ by a small neighbourhood U p∞ , one can see that (since U p∞ ∩(
Summarizing these results we can state:
Proposition 3. The vector field X defined by (1) extends smoothly as a zero vector field to the boundary of M . ♦ Remark. SinceK is null also onH := i(H), this means that X is zero oñ H, too. Note that X has no other zeros.
Let us examine ∂i(M ), the boundary of M ! By the first property of asymptotic flatness,
i.e. the boundary is nothing other than the "light cone over the spacelike infinity" (see Fig. 1.) . Similarly, using property two of asymptotic flatness,
the interior of the cone C(p ∞ ). Note thatH intersects ∂i(M ) in the two two dimensional surfaces H ±∞ .
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It is obvious that C(p ∞ ) can be mapped homeomorphycally into the boundary of the wedge of two four-balls, i.e. into ∂(B 4 ∨ B 4 ) ≈ S 3 . Let N be a suitable compact four-manifold and j : (M ,g) → N a further inclusion such that j(p ∞ ) = q ∈ N and j(∂i(M )) ⊂ ∂U q , where U q ≈ B 4 ∨ B 4 . In other words j maps ∂i(M ) simply into the boundary of the wedge of two balls B 4 ∨ B 4 -wedged in q-except two points (see the third part of Fig. 1.) . Roughly speaking, with the aid of j we can "fill in" the remaining two holes which have existed yet inM "beyond" future and past null infinity (note that ∂i(M ) in N has itself a boundary:
. In the very simple case of flat R 4 , for instance, (M ,g) is nothing other than Einstein's static universe S 3 × R with its natural Lorentz metric [9] and N is simply S 4 , carrying no Lorentzian structure. Note that we have not required the existence of Lorentzian structure on N .
Let Y := j * (X). Since Y | j(∂i(M)) = 0 and Y | j(H) = 0, it can be extended onto the whole ∂U q and hence into the whole U q as zero, i.e. Y | Uq = 0 (we denote also by Y the extension of Y to the whole N ). Hence we see that Y is a vector field on a compact manifold N ≈ M ∪ (B 4 ∨ B 4 ) satisfying that it is zero on the wedge of two four-balls and on a compact three dimensional submanifold j(H). Hence we can apply Lefschetz's fixed point formula [1] [2]:
Here w Uq , w H are the winding numbers of Y around its fixed points.
Proof. We define
However, in this case we may apply the following formula for the Euler characteristic of the union of two topological spaces X, Y :
Hence
One can check immediately, studying the structure of Y near U q , that w ± = (±1) 4 = 1 and w q equals w + or w − (in even dimensions these are equal).
On the other hand, since Y is essentially a Killing field (changed by simple inclusions and multiplication by a nonnegative scalar factor), w H = 1 and clearly χ(j(H)) = χ(H). Moreover, j(H) is compact since it is homeomorphic to
Hence, using the fact that χ(U ± ) = χ(B 4 ) = 1, χ(q) = 1 we get from (2) equation (3a). ♦ Apart from this, we have a similar proposition which expresses the Euler characteristic of N by that of M :
, we may write similarly to the calculations made above:
♦ Finally, comparing our formulas (3a) and (3b), we get the desired result which relates the Euler characteristic of the event horizon to the Euler characteristic of the original spacetime-manifold M : Theorem 1. Let (M, g) be a stationary, asymptotically flat, strongly asymptotically predictable vacuum spacetime-manifold containing a black hole B with regular event horizon H. Then
♦ Remark. Note that (4) is valid not only for four dimensional spacetimemanifolds, but for even dimensional ones, too.
Since the black hole is stationary, H ≈ H t0 × R for some t 0 ∈ R; this means that we may write:
Finally, using a simple observation on the isometry groups of two dimensional surfaces we can calculate χ(M ) explicitly.
Proposition 6. If S g is an orientable compact surface of genus g and I(S g ) is its isometry group for an arbitrary metric then I(S g ) is discrete for g > 1.
Proof. This is a simple consequence of the fact that if M is a compact manifold with χ(M ) < 0 then I(M ) is discrete for a generic metric. ♦ Remark. Moreover in the case of surfaces we know that |I(S g )| ≤ 84(g − 1) if g > 1, see [7] .
Let us study the original spacetime-manifold (M, g) with its Killing field K. Clearly, the flow generated by the integral curves of K defines a map from H t0 to H t (t 0 < t). Being K an isometry, this defines a continuous isometry
Since H t0 ≈ H t by the stationarity , we see that f t is a continuous isometry of a surface S g . But if g > 1 such an f t cannot exist by Proposition 6. Hence we deduce the following theorem:
) is a spacetime-manifold satisfying the requirements listed in Theorem 1, then χ(H t ) = 2, (6a)
It follows from equations (4)- (6) that the Euler characteristic of stationary asymptotically flat spacetimes containing a black hole can be only zero or two.
Remark. We see that in the case (6a) the event horizon is a two-sphere, in the case (6b) it is a two-torus. As it is proved in [4] , [5] , in an electrovac static spacetime the event horizon of a black hole can be only a two-sphere. However, there are strong (numerical) evidences that in the presence of matter fields there can exist toroidal stationary black holes, too [6] .
Conclusions
In this paper we have investigated a technique based on compactifications and Lefschetz's fixed point formula in order to determine the Euler characteristic of asymptotically flat spacetime-manifolds containing stationary black holes. Our results are important because we see that the possible Euler characteristics of such manifolds are very restricted. On the other hand, given a spacetimemanifold M , if it can posses a stationary black hole, the topological properties of that black hole are determined by the global topological properties of the spacetime involving it. This means that the genus of the event horizon carries no information on the process which the black hole formed in. Hence, it seems that Theorem 1 gives a small contribution to theorems proved by Carter, Hawking, Israel, Robinson in the fall of early seventies claiming that lots of information disappears in a gravitational collapse leading to formation of a stationary black hole as final state; see for instance, [8] . Now we do not pay attention to the case of non-Abelian gauge fields.
Of course a possible resolution of this paradox can be based on taking into account the quantum effects building up a more fundamental theory than general relativity. A very popular step in this direction is the so-called M-theory. In this theory, using compactifications, we derive in the low-energy limit stationary black hole solutions. However, in light of Theorem 1 and 2 one has to be careful with the compactification because the Euler characteristic of the resulting physical spacetime is determined by the Euler characteristic of the black hole if the "physical spacetime" is even dimensional. We emphasize that we have not proved such a restriction for odd dimensional manifolds, which also often appear in today's physical literature.
